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Comparing Measures and Spaces

o Probability distributions and histograms
— 1mages, vision, graphics and machine leammg.
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Comparing Measures and Spaces

o Probability distributions and histograms
— images, vision, graphics and machine leammg2 .
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o Optimal transport
— takes into account a metric d.

L? mean OptAmal transport mean
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Couplings and Optimal Transport
K= Zz Ni&xz’
V= Zj VjOy;
Points (2;):, (y5);

Weights p; = 0, v; = 0.
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Couplings and Optimal Transport

Input distributions H= Z’L ’ui&ﬂ
V= Zj Vj0y,
Points (z;)q, (y;),;
Weights p; = 0, v; = 0.
N N

22:11 i = 23:21 v; =1 di; =

Def. Couplings E _—
Cow Z{T RN Ty =TTy, =0} @l gy

Def. Wasserstein Distance / EMD

Wé’(,u, V) e min {Zi,j Ti,jdi,j e C'u,,/}
| Kantorovich 1942]

— W, 1s a distance over Radon probability measures.
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Linear programming:

N N
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d=|-|,p=1:Wi(y,v)= min

div(v)=p—v

[ |u(z)|dz — max-flow.




Linear programming:
N N
= i1 Dilz, sV = 23:21 POy,
Hungarian/Auction:  ~ O(N?) (
1 N 1 N B 1/N if j = o(2),
p=§2iz 20V = § 2 5=10%, | Tii= | 0 otherwise.
_ —|.|p o o[
1Dca§e,d—| P op>1. | o AN~
— sorting, O(N log(/N)) operations.
Monge-Ampere/Benamou-Brenier, d = | - ||5.
Semi-discrete: Laguerre cells, d = | - [3.
Merigot 2013]

min

d=|-].p=1:Wi(uv)=

div(v)=p—v

[ |u(z)|dz — max-flow.

Need for fast approximate algorithms for generic c.




Entropic Regularization

def.

Entropy: H(T)= — Y, ._, T ;(log(Ti ;) — 1)




Entropic Regularization

def.

Limtropy: H(T) = 257:1 T;,;(log(T5 ;) — 1)

Def. Regularized OT: |Cuturi NIPS’13]
mTin {Z” d; ;T;j—eH(T); T € CM,V}

Regularization impact on solution:




Sinkhorn’s Algorithm
HllIl {Z d* T —|— 8Ti7j 1Og(T7j,j) ; = C,u,y} (%)

1,7 1]

dP

Prop. One has T' = diag(a)K diag(b), where K = e~ = .




Sinkhorn’s Algorithm
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Sinkhorn’s Algorithm
HllIl {Z 5.6 dp T j T 8Ti7j 1Og(T7j,j) 1 e C,u,y} (%)

dP

Prop. One has T' = diag(a)K diag(b), where K = e~ = .

Row constraint: Ty, =y <= a® (Kb) =
Col. constraint: T'1ly, =v <= bO (K 'a)=v

Sinkhorn iterations: @ <+ -~ and b+ —

Kb T KTq

Only matrix/vector multiplications. — Parallelizable.
‘ ' ( — Streams well on GPU.

» — convolutive/heat structure for K

> C K
13
Prop. (+) <= min {KL(T|K): T€C,,}  Th
Ik T,

Sinkhorn <= iterative projections. T



(Generalizations

I

XixAkNEe S
Xz aneees

|Agueh, Carlier 2010]

‘ ! .

[Solomon et al, SIGGRAPH 2015]



(Generalizations

|Agueh, Carlier 2010]

Liereo, Mielke, Savaré 2015]
Chizat, Schmitzer, Peyré, Vialard 2015]
Kondratyev, Monsaingeon, Vorotnikov, 2015]

[Solomon et al, SIGGRAPH 2015]
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(zeneralizations

- {3

R L

OT barycenters: s=s=ag@

min Y, AeW3 (pg, v) —% N N N

: 2000
Agueh, Carlier 2010)] x ;1 a

[Solomon et al, SIGGRAPH 2015 o O . @

Unbalanced transport: Balanced OT

- p
min D i di i T+
pKL(T]lNl ‘:u) + pKL(TT]lNQ |V)

Liereo, Mielke, Savaré 2015]
Chizat, Schmitzer, Peyré, Vialard 2015]
Kondratyev, Monsaingeon, Vorotnikov, 2015]

Gradient flows:
1
{41 = min Q_W(:utv )+ ()
o 2T







Density Fitting and Generative Models

. . . l n
Observations: v = =5 .~ 0.,

Parametric model: 0 — Lig




Density Fitting and Generative Models

Observations: v = =5 .~ 0,

Parametric model: 0 — Lig

Maximum
min KL (o V) Zlog fo(y;)) .



Density Fitting and Generative Models

Observations: v =~ .=

£Lq

Parametric model: 0 — Lig

Maximum
min KL (o V) Zlog fo(y;)) .

Generative model fit: 119 = go 4C

KL (10]v) = +00 Ire
— MLE undefined.

— Need a weaker metric. e




Loss Functions for Measures
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Density fitting: min D(pg,v) V=520 =3 b
T
Optimal Transport Distances .f‘ ‘:‘
W(p )P € min 35, T jlei — y;l? i P



Loss Functions for Measures

Density fitting: m@in D(pg,v) y=1 S0y == 6
T
Optimal Transport Distances .f‘ ‘:0
W(/L, )p = min Z sznajz yij K o——9 v

TECH, 1%

Maximum Mean Discrepancy (MMD)
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Loss Functions for Measures

Density fitting: m@in D(pg,v) y=1 S0y == 6
T
Optimal Transport Distances .f‘ ‘:0
W(/L, )p = min Z sznajz yij K o——9 v

TeC,

Maximum Mean Discrepancy (MMD)

HM_VHQdiQZk mzaxz ‘|‘ Zky]7y] Zk x’uy]

’I,’L

lz—y|2

Gaussian: k(z,y) = e 202 . Energy distance: k(m y) —|lz — yl?.
Sinkhorn divergences [Cuturi 13 o .o
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Loss Functions for Measures

Density fitting: m@in D(pg,v) y=1 S0y == 6
T
Optimal Transport Distances .f‘ ‘:0
W(pv)P € min 35, Tjlei — y;l? i P

TECH, 1%

Maximum Mean Discrepancy (MMD)

HM_VHQ = N2 Zk mzaxz ‘|‘ Zky]7y] Zk x’uy]

1,0’
2
lz—yll

Gaussian: k(z,y) = e~ 207 Encrgy distance: k(fc y) —[z —yl*.
Sinkhorn divergences |[Cuturi 13]
We(p,v)P = Zz’,j 17 — y;|P
We(p, V)P = We(p, v)P — §We (1, )P = §We(v,v)P

Theorem: |Ramdas, G.Trillos, Cuturi 17] 2
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Loss Functions for Measures

Density fitting: m@in D(pg,v) y=1 S0y == 6
T
Optimal Transport Distances .?‘ ‘:0
W(pv)P & min 3, Tyjle: = y517 i P

TECH, 1%

Maximum Mean Discrepancy (MMD)

HM_VHQ = N2 Zk mzaxz ‘|‘ Zky]7y] Zk x’uyj

1,0’
2
lz—yll

Gaussian: k(z,y) = e 202 . Energy distance: k:(a: y) —|lz — yl?.
Sinkhorn divergences [Cuturi 13] .rTs_;.
W, )P 5 S° T oy — gy |P oi——e
_5(lu ) » Zz,] y] ” Iu o :. V
We(p, v)P = Welp, v)P — gWe(, p)P — We (v, v)P or——®
- = W )!
Theorem: [Ramdas, G.Trillos, Cuturi 17]  We(u,v)? .15 W V¥ for k(z,y) = —|z — y|?

— |n vk

— Scale free (no o, no heavy tail kernel).
Best of both worlds:

— cross-validate ¢ — Less biased gradient.

— Non-Euclidean, arbitrary ground distance.

— No curse of dimension (low sample complexity).



Deep Discriminative vs Generative Models

de(7) = p(Ex (- .- p(&2(p(&1(z) .. )

Deep networks: go(2) = p(Or (... p(02(p(01(2)...)
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Generative Models
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Examples of Image Generation

gde

X

Credlt Aerv 1511.06434]

AonDRRAAAAAAAA
ddddddAAAAAAAA
s lalalalalalalaelalals o]
3l3l3lalz3 Gz REEERR




Conclusion: Toward High-dimensional OT

Monge Kantorovich Dantzig  Brenier Otto McCann Villani
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