
Reliability-based sensitivity analysis under distribution parameter uncertainty
– Application to aerospace systems

Vincent Chabridon1,3, Mathieu Balesdent1, Jean-Marc Bourinet3, Jérôme Morio2, Nicolas Gayton3

1ONERA (Palaiseau) / 2ONERA (Toulouse) / 3Université Clermont Auvergne, CNRS, SIGMA Clermont, Institut Pascal (Clermont-Ferrand)

Context & Motivations

• Evaluate the performances of complex
aerospace systems

• Models, codes, variables rely on multiple
sources of information affected by uncertainties
(aleatory and epistemic)

Figure: Launch vehicle fallback zone estimation.

Notations & Problem statement

• Expensive-to-evaluate deterministic & static
computer code⇔ black box model

M : Rd → R, X 7→ Y =M(X) (1)

• Limit-state function⇔ failure/safety of the
system

g : Rd → R, X 7→ g(X)= yth− Y (2)
• Hierarchical model in input:

• (level 1 - stochastic) X ∼ fX|Θ(x|θ) : DX ⊆ Rd → R+
• (level 2 - stochastic) Θ ∼ fΘ|ξ(θ|ξ) : DΘ ⊆ Rk→ R+
• (level 3 - deterministic) ξ = (ξ1,ξ2, . . . ,ξq)> ∈Dξ ⊆ Rq

Issues

How to deal with this bi-level uncertainty?

1 Choose an a priori model for the uncertainty
affecting Θ (modeling)

2 Propagate the bi-level uncertainty in the
failure probability estimation (propagation)

3 Link the variability of the failure probability
to the input uncertainty (sensitivity)

Uncertainty propagation via the
Augmented Reliability Approach

• Conditional failure probability:

Pf(θ) = P [g(X)≤ 0 | Θ = θ] =
∫

DX

1Fx
(x) fX|Θ(x|θ)dx (3a)

• Predictive failure probability (PFP) [1]:
ePf(ξ) =

∫

DΘ

∫

DX

1Fx
(x) fX|Θ(x|θ) fΘ|ξ(θ|ξ)dxdθ (4a)

=

∫

DZ

1Fz
(z) fZ|ξ(z|ξ)dz (4b)

• Nested (NRA) vs. Augmented Reliability
Approach (ARA)
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(a) NRA (3× 200 samples)
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(b) ARA (600 samples)

Figure: NRA vs. ARA for X1 ∼N (7, 5/
p

3), X2 ∼N (Θ, 2/
p

3) and Θ ∼N (2,1.5).
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Local reliability-based sensitivity
analysis

• Derivations of local sensitivity estimators of the
PFP w.r.t. deterministic hyper-parameters:
1 Unbounded distribution for Θ:

S j
def
=
∂ ePf(ξ)
∂ ξ j

≈
MC

1
N

N
∑

i=1

1Fz
(Z(i))κ j(Θ

(i),ξ) (5)

2 Bounded distribution [2] for Θ:

S j∝ fX j|Θ j
(x j|θ j = u/l-bound)

�

ePf − P
θ j=u/l-bound
f,aux

�

(6)

• Estimation strategy: augmented Nonparametric
Adaptive Importance Sampling (NAIS)

,→ V. Chabridon et al. “Reliability-based sensitivity analysis of aerospace systems under distribution
parameter uncertainty using an augmented approach”. ICOSSAR 2017, Vienna.

,→ V. Chabridon et al. “Reliability-based sensitivity estimators of rare event probability under
distribution parameter uncertainty”. (Under Review) Reliability Engineering & System Safety.
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Figure: Estimation results for ARA/NAIS.

Figure: Illustration of the simulation of first launcher stage impact points into the
ocean (103 samples for each method): NRA/CMC – ARA/CMC – ARA/NAIS
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(JFMS 2018), Bordeaux.

,→ P. Derennes, V. Chabridon et al. “Advanced numerical strategies for sensitivity analysis and
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Global reliability-based sensitivity
analysis

• Starting from the definition of global
reliability-oriented Sobol’ indices [3]:
1 First index:

si =
V
�

E
�

1Fx
|x i

��

V
�

1Fx

� (7)

2 Total index:

t i = 1−
V
�

E
�

1Fx
|x∼i

��

V
�

1Fx

� (8)

• The second uncertainty level can be considered
using a transformation of random variables [4]

• Efficient estimation strategy using
post-treatment of Subset Simulations [5]

• Main goal: get separate global sensitivity
indices for both contributions (variability and
parameter uncertainty) [6]

Conclusions

• ePf(ξ) can be a relevant measure of safety for
design purposes (but may not be sufficient for
risk management)

• Robustness of this measure w.r.t. some priori
choices is investigated in terms of sensitivity
analysis

• Local and global sensitivities can be obtained by
efficient numerical sampling compared to CMC

Perspectives

• To use metamodels to speed up the calculations
or to get the sensitivity measures as
by-products of the metamodeling step
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